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by

J. Monaghan, G.A. Hill and W.G. Soucey

ABSTRACT

Formulae are derived to calculate the mass median (Do) and mass

mean (DM) diameters of droplets in sprays. These formulae are based on an

inverse exponential relationship which is empirically observed to occur

in liquid sprays. The median diameter divides the total mass of liquid in

half while the mean diameter represents a more commonly used statistical

average for identifying random samples. The formulae are used to descriie

the characteristics of a typical set of experimental drop data and are

compared to conventional formulae for calculating these parameters.
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DEFENCE RESEARCH ESTABLISHMENT SUFFIELD

RALSTON ALBERTA

SUFFIELD MEMORANDUM NO. 1014

FORMULAE FOR MASS MEDIAN AND

MASS MEAN DROP DIAMETERS (U)

by

J. Monaghan, G.A. Hill and W.G. Soucey

INTRODUCTION

When describing the characteristics of a liquid spray, two

of the more commonly used parameters are the mass median (DO) and

mass mean (DM) diameters of the droplets. The mass median diameter re-

presents the droplet diameter at which half the mass of liquid is above

and half the mass of liquid is below. However, because the mass is re-

lated to the cube of the diameter, it is found that the mass median

usually lies close to the largest sized drops observed on a trial. The

mass mean diameter, on the other hand, represents the value for which the

sum of the deviations in mass diameter from it is zero. This is a more

commonly used type of averaging term and for drop diameters does not

rest as close to the largest drop as does the mass median diameter.

The model used here depends upon an exponential relationship

between the cumulative number of drops and the drop diameter. This

relationship has been empirically observed to exist for many different
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spraying systems. The model is used to determine both Do and DM for a

liquid spray generated by an explosive dissemination and the results are

compared to the standard methods for calculating these parameters.

THEORY

The standard method for determining the mass mean diameter or

mass median diameter is simply taken to be the common statistical methods

for calculating means or medians (1,2). Therefore, the following for-

mulae are presented with no derivations:

00 = D when m = MT/2 .0 (1)

and DM= , NT (2)/ NT

where D = arbitrary drop diameter (mm)

m = arbitrary drop mass (g)

MT = total mass of all sampled drops (g)

ni = number of drops of diameter Di

N- = total number of sampled drops

To derive the equations for the modified method of evaluating

DO and DM , the drop numbers and drop mass in each diameter class are summed

from the maximum diameter to the smaller diameters using the following

definitions:

k
Nk = E ni  (3)

i = nmax

k
Mk = E mi (4)

i =%ma x
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where mi = mass of drops at diameter Di (g)

The observed drop number-diameter distribution (N vs D) empirically al-

ways appears to be well represented by one of the following two equations

(these equations are similar to those of Rosin and Ramler, Reference 3):

ln N = a - bD (5)

ln N = a - bD2  (6)

where a is the intercept at the ordinate

ea is the total number of drops, NT

b is the absolute value of the slope of the line.

For each drop class, assuming that the drops are spherical, it

is clear that:

mk = ..2 Dk3 nk  (7)
6 n

However, Equation 3 and 4 imply that mk = Mk and nk = ANk which when

substituted in Equation 7 give:

= " 0I 3Nk (8)

Allowing the class interval to approach zero, we obtain the differential

equation corresponding to Equation (8):

dM = - D3dN (9)

In order to eliminate N in Equation 9, Equation 5 is manipulated to give:

dN = -bea-bDdD (10)

Substituting 10 in 9 gives:

dM = _"O D3e'bDdD (11)

Integration of Equation 11 is performed by reversing the order of inte-

gration (the order of summation as defined in Equation 4) to give:
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Mk f~bea r' D3e bDdD (12)

or: M = b3" o (bD)3e-bDd(bD) fDk(bD)3ebDd(bD) (13)

The first integral is the gamma function of 4, F4. Solutions of this in-

tegral are listed in many handbooks (Reference 4 for instance). The total

mass is determined when Dk -) 0 or:

wpNT 1TPNTF (14)

Also: Mk = MT [l - I (bDk, 3)] (15)

f k(bD)3e- bDd(bD)
where: I(bDk , 3) = (b (16)

r (bD)3ebDd(bD)

values of which are listed by Pearson (5).

The mass mean diameter can be alternatively stated as:

3P-NT (17)

Substituting 14 into 17, a new expression for DM is obtained:

DM _ 7' =-1.
817/b (18)

The mass median diameter, Do is obtained from Equation (15) when:

%o/MT = 0.5 = 1 - I(bDO , 3) (19)

Using Pearson's Tables (5), the following values are obtained:

bDo - 3.671

or Do = 3.671/b (20)

Returning to Equation (10) and using Equation (6) instead of (5), gives:

-b2
dN = -2bDeabD dD (21)

Substituting 21 into 9 and reversing the order of integration as before,

yields:
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Mk -Pb f k D4ebDdD (22)

p Dk

or M (bD2)1's e-bD2d(bD2)- f '(bD2) L5 ebD2d(bD2) (23)

Proceeding as before:

MTpNT , 0.2 216nPNT
MTi 2.5 = - b_(24)

= - I(bD2,1.5)' (25)

DM = .329' _ 1.0995 (26)

A; bI1s b 0.5

Do = I(bD ,l.5) 
= 0.5 (27)

which using Reference 5 yields:

Do = 1.477/1!b (28)

Equations 18 and 26, 20 and 28 represent the mass mean and mass median

diameters that were sought. It can be seen that these are determined

simply from the slope of the line, b, in Equations 5 and 6 representing

the number-diameter distributions. In practice, logarithms to the base

10 are often used to evaluate b. The slope obtained is of course less

than when natural logs are used by a factor of 2.3026 and the equations

become:

DM = -0.7890/b (29)

Do = -1.594/b (30)

for in N - D

and DM = 0.7245/ '-(' (31)

Do = 0.9733/'' (32)

for ln N - D2

It is interesting to note that in both cases, the mass mean diameter is
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simply a constant fraction times the mass median diameter (0.495 and

0.744). This results from Equations 5 and 6 where all the drops are re-

lated to all the diameters by one equation.

EXPERIMENTAL

To verify these expressions, experimental data were obtained

from a recent spray trial. In this trial, liquid droplets were generated

by an explosive dissemination. The droplets were released at 9 meters

elevation and were collected downwind on 3-way detector paper (NSN 6665-

21-845-8613). The sizes of stains were related to the corresponding drop

diameters by a previous calibration procedure not discussed here. Table

1 lists the drop diameters measured and the number of drops of each size.

RESULTS AND DISCUSSION

The experimental data were fed directly to the computer and

analyzed by the computer programs listed in Appendix A. Table 1 lists

the reduced data required for evaluating the averaged diameters as given

by Equations 1, 2, 29, 30, 31 and 32.

The mass median and mass mean diameters are listed in Table 2

for each of the techniques. Figures 1 and 2 show plots of the cumulative

frequency versus the drop diameter and drop diameter squared respectively.

It can be seen from the figures that the exponential relationship bet-

ween the cumulative number and drop diameter is a much better approxi-

mation to this experimental data than cumulative number vs drop diameter

squared. This is quantitatively expressed by a significantly better re-

gression coefficient of 0.990 vs 0.971 respectively.
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Comparing the averaged diameter as calculated by Log N vs D

and the standard method, it may be seen that the mass mean diameters are

very close (0.386 vs 0.385 respectively). However the mass median dia-

meters are significantly different (0.781 vs 0.663 respectively). This

is most likely due to the effect of large diameter drops on this para-

meter. The large diameter drops contain so much of the liquid that only

about 3% to 5% of all the drops lie above this parameter. Because they

are so few in number, large sampling errors are likely to occur and the

standard method considers only those that are sampled. By smoothing the

data with a straight line, however this problem is circumvented and the

slope technique presented by this work is a much better method of evalua-

ting mass mean or mass median diameters than the standard summation method.

CONCLUSIONS

An improved method has been explained for evaluating the mass

mean and mass median diameters of liquid sprays. The standard summation

method has been compared to this technique using experimental data from

a typical spray trial. The technique was at least as simple as the

standard method and was more accurate for the data tested.
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TABLE 1: TYPICAL SPRAY TRIAL DATA

Drop Diameter, No. of Accumulated D2  D3  nD3

D_(mi) . .. Drop5. n Number, N (mm_) (mm) 3  (rm) 3

1.165 1 1 1.357 1.581 0.104

0.993 2 3 0.987 0.981 1.961

0.917 1 4 0.841 0.772 0.772

0.898 1 5 0.807 0.725 0.725

0.803 1 6 0.645 0.518 0.518

0.784 1 7 0.614 0.482 0.482

0.765 2 9 0.585 0.447 0.895

0.708 2 11 0.501 0.354 0.709

0.689 2 13 0.474 0.326 0.653

0.669 6 19 0.448 0.300 1.800

0.631 4 23 0.399 0.252 1.007

0.612 7 30 0.375 0.230 1.607

0.593 1 31 0.352 0.209 0.209

0.574 2 33 0.330 0.189 0.378

0.555 3 36 0.308 0.171 0.513

0.536 1 37 0.287 0.154 0.154

0.517 3 40 0.267 0.138 0.414

0.498 4 44 0.248 0.123 0.493

0.479 2 46 0.229 0.110 0.219

0.421 2 48 0.178 0.0748 0.150

0.383 10 58 0.147 0.0563 0.563

0.345 1 59 0.119 0.0411 0.0411

0.326 6 65 0.106 0.0346 0.208

0.307 8 73 0.0941 0.0289 0.231

0.288 11 84 0.0827 0.0238 0.262

0.269 5 89 0.0721 0.0194 0.0968

0.249 5 94 0.0622 0.0155 0.0776

0.230 10 104 0.0530 0.0122 0.122

0.211 11 115 0.0446 0.00941 0.104
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TABLE I (Continued)

Drop Diameter, No. of Accumulated D2  D3nD 3

D (mrn) Drops n Number, N (mm)2  (nun)3  (mm)3

0.192 10 125 0.0369 0.00708 0.0708

0.173 12 137 0.0299 0.00516 0.0620

0.154 11 148 0.0236 0.00363 0.0399

0.135 16 164 0.0181 0.00244 0.0390

0.115 18 182 0.0133 0.00154 0.0276

0.0962 38 220 0.00925 8.90 x 10-1 0.0338

0.0770 37 257 0.00593 4.57 x 10-4 0.0169

0.0578 27 284 0.00334 1.93 X 10-4 0.00522

0.0386 18 302 0.00149 5.74 X 10-5 0.00103
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TABLE 2: COMPARISON OF AVERAGED DIAMETERS

Technique Mass Mean Mass Median Regression Coef t

Diam (mm) Diam (mm) or Std Dev (_+mm)tt

Standard 0.385 0.663 + .255 t+

Log N vs D 0.386 0.781 0.990 t

Log n vs D2  0.534 0.718 0.971 t
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400

1000

00Log N 2.543 -2.0415xD

w Regr. Coef. -. 990

Do =0. 781

40-

w0

0

40

0 0.4 0.8 1.2

FIGURE 1: Evaluation of Average Diametrs from Log N vs 0.
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400 ' 1
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Regr. Coef.- 0.971

, - DM = 0.534

w Do 0. 718

z 4 0 - 0

wI-
0

4

IS

0I I I I
0 0.4 0.8 1.2

D= (m m)

FIGURE 2: Evaluation of Average Diameters from Log N vs D2 .
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APPENDIX A

Copuer Program for Averaging Drop Diameters



A(2%M+l)uA(2%i)
IFCM*FO.1) GO TO 47
MUM-1
GO TO 45

47 AC1,13=TFMP1
AC2.! )-TEMP2
Go TO 25

40 AC?,! )cA(2, ).AC 29J)
AC? ,J) 00
GO TO 25

30 CONTINUEF
25 CONT I N1

D0 50 Jal#N
IK=!K+l
!F(A(29j)oFQ.*OoO) G0 TO 60
AC 1, K 1mA 19.J)
AC291K)-A(29J)
GO TO 50

60 !K.1K-1
50 CONTINLJF

N=IK
C
C EXPANDING THE MATPIX
C

SUM2=O0
DO 70 JuloN
A(3 *J) =0.192* (AC 19J) )**0.997
AC6oJ)wA(39J)**3
SUMmSUMeAC ?,J)
A(4#J)mAC 2 J) *A(C3,J )**'A
SUM12SUW lA (4 ,J)
AC 5 J )=SUmi

70 SUM2=SUIM2,AC2,J)*AC69J)**I^
WRITEC694) N
WRITEC695) (AC1,J)9 A(2,J),A(3,J),A6,J)oA(4,J).J=1.N)

C CALCULATF MASS MFAN AND ST. DEV.
C

SMFANC SUM 1/SUm) **0*33 333
AVMAS=SUml/?.0
AVMASSu3. 14156/6*0*AVMAS
STDEVC(SORTISUM2/SUM-CSUMl/SUIM)**2) )**0g333333
suMmoo0
DO 100 JulN



//AvDROP JOB )9'GORDON HILL'.
// MSGLFVFL.1,MSGCLASS=ACLASS.KTIME=(09291
//*MAIN L!NE~s1OCARnSw209ORGwRMOZ8
//*FORMAT PUPDNAMF=9PFST=LOCAL
// EXEC FORTXCG
//SYSPRINT Dn SYSOUTwA
I/SYSTEm nD SYSOUT=A
//FORT*SVSIN Dr"
C
C PROGRAM TO EVALUATE VVD'S
C

DIMENSION A(691001)$CIRCLEC1O)
1 FORMAT(?F1O.3)
2 FORMAT(l1 INPUT DATA FOR POSITIONS= 'elOAl' WHICH HAS to
114.' INPUT CARDS19//pSX9'STAIN SIZE,5X.'NOo OF DROPS'.//)

3 FORMAT (7X ,FlO.395X9Floj )
4 FORMAT('1 REDUCE!) DATA HAS 191491 SETS OF DATA'.//oBX9
l'STAIN SIZF's5X9'U'. OF DROPS's5X9'DROP SIZEf98X,'D**3f9
213X,'N**3' .//)

5 FORMAT(7XF1O.3.5XF1O. 1 5XeFlOo.5 XE13.6.5XE13.6)
6 FC)RMAT(09' SOMETHING WRONG THE AVERAGE MASS= 19F10959' IS BIGGER
1THAN THE TOTAL MASS=' 9F10@5)

7 FORMAT('1'9')Xt' 14ERE ARE THE AVERAGED DATA',//)
8 FORMAT(1OAl)
9 FORMAT(5Xqp MEAN=',Flo.4,/#6X#'STANDARD DEVlATIONw'#F1O.6v/v
16X*,AVFRAGF MASS* 19F1O.49/96XMASS MEDIAN-'9F1O.4)
DO Q'9fA NJK=1#2

DO 1n Jull

IF(A( 1,J) .EQ.(n.0AND.A(2,J) eEQeOoO)GO TO 20

10DONTINUE,1

POUIa(1,I) (A.o1*A(29IlN

MIK-

TEMP~A~l9.

T mP-aA-29-



100 SLJM3SL)tm3.C(A(6,J?'5LMI~/SUM2)**2)*A(2,43
ST0EV=(SQRT(SUm3/SUM) )**0433333

C
C CALCULATF MASS MFDIAN
c

00 A0 Jwl#N
IF(AVMAS&LT*A(5*JH) GO TO 90

80 CONTINUF
DRMASSwA(5# N) *3*14156/6*0
WdR1TE16.6 )AVNAA5SSDRMAS5
GO TO 999

90 SNE=AMSA5J1)((9IASJ1)

WR1TE(6971
WRITE( 9 Q) $MEANSTPEVAVMA5SSo$MED

998 CONTINtIF
999 STOP

ENn
//G0.SYSLO)UT DO SYSOUT-A
//GO*FT06FOOl D)D SYSOUTwA
//Ws'FT07 001 nDr SYSQUT=A
//GOoSYSIN DD



//j"DROP JpFk ),GORDON HILL's
// mSGLFVELUI .MSCCLASSACLASS.KTIMEtO,*29)
h/*MAIN LINFS210,CARDSu20vOR6SRm028
//4*F0RV~AT PU, nNAPME=,rEST=LOCAL
// FXEC FORTXCG
//SYSPRINT DO SYSOUTvA
//SYSTEM DO~ SVSOUIT=A
//FORToSYS~t! Dn

C PROGRAM TO EVALUATE MMOIS
C

D1MrNSION A(10s10t'13,CIRCLE(12)
I FORMATCF10911
2 FORMATC'1 INPUT DATA FOR POSITIO4Ss '11A't WHICH HAS '9
114,' INPUT CARDSl,//98X,'STAIN SIZE'95X9'NOo OF DROPS19//1

3 FORM'AT(7XFIo.3,5X*F1O.1)
4 FORMATUi P~r"CED DATA HAS '.14,' SETS OF DATA1.//98X9

IISTAIN SIU'.s5XqlNOo OF DROPS5X.'WDROP SIZE',10XlNltlOXv

2lL0GN'tl?)i,'n**2lv//)
5 FORMATI7> ,F10.a3,5XFl0.1,5XFlO.5,5XFO1,5,El3.6,5XFlOs7)
7 FORMAT(li '.OFFFICIENTS FOR LOGN VS 04o//)
A FORMATf1.A1)

9 FORMAT( t~ !NTERCEPTs 0,F~o.6t/s6X,'SLOPE= ltF10o6v/9
16X,'E(-RS1ON COEFFICIENT* ',F1Q.6#/96X,'mo MEAN Dan 'sF10.6.

11 FORMATti/,' COEFFICIENTS FOR LOGN VS D**2',//)

no 19P v..,jl1,

RFAOC5,1)A(1 ,J) A(2tj)
IF(A(1 ,J) .EO.0O.,AND.A(2,J) .EQ.0.0)GO TO 20

10 CONTIt"UF
20 WRITE(64,2) lClRCLF(I I .1=1,1) N

WR1TE'(6,') (A(1,j)9A'C29J) sJ31 N)

C OATA REDU)CTION

DO 25 Je2,N
IKzJ-1
TFMPlcAC 1 .)
TFMP2=A( ?oj)
DO 30 1=191K

lF(A(I9J).LToAOU2) GO TO 30
IF(A(1,J).CT.M0U7.AND.A(1,J).LT.SOU2) 0O TO 40
MOII(



4S A(1,M+l)zA(lofM)
Al2,MKI)=A( 2vm)
IF(m&FQI) '30 TO 4.7
MUm-i
GO TO 45

47 A(lI)uTEMPl
A(2,I )uTFMP2
GO TO 25

40 A(29I )fA(2,T )*A(?#J)
A(29J)u(O
GO TO 25

30 CONTrNJF
25 CONTINUF

!KwO
DO 50 Ji.Nm

'Cu IK+l
!F(A(2*J)ogO*.) GO TO 60
A(lIK)*A( 1#J)
A(2#IK)sA( 2*J)
GO TO 50

60 IKa!'C-1
50 CONTINUIF

N-IK
C
C FXPANDING THE MATRIX
C

SUmoo
SUM 2. 0 *
SUM2m0.0
summo.oo
SUM40000
SUMSmoso
SUM68000
SUM7w0*0
SUMmoso
DO 70 JuloN
A(39 )=.0. 92* (A (1#J3'))**Qg997
SUMuSUM+A (2 ,J)
A(4#J)aSUM
A(SsJ)*ALOG10)(A(4sj33'

A(6,,J)zA(39J)**2
A(79J3'uA(69J)**2

A(1OJ)uA(5J)*A(9J
A(9#MSUM1A16J)A5J

SUMlmSUm2+A(7,J)
SUM3.SUM2+Al3,j)

sum~oUM3+(3#4



SUM4=SUM4.+A( 9,J)

SUM~mSUw15+A(S90J)

5U)M7wSUM7-A (5 .J)

70 CONTINUE
WRITEI694) N
WRITF(6.5) (A(l.J),A(2eJ) ,AC3.J)tA(4.J),A(5,J) . A(69J) .J&1N)
IF(N.eOol) GO TO 100

C
C CALCULATF COF.FFICIFNTS FOR LOG N VS D
C

Ala (SUml*SUM7-SUM3*SUM4 / (N*SUM1..SUM3**2)
A la (N*SUM4-SUMI,3*SUM7 )/ (N*SUMl-SU113**2 )
Rlm(N*SUM4-SUM3*SUM7)/(SQRT( (N*SUMl-SUM3**2)*(N*SUM8-SUM7**2)))
DM1.0. 789/ABS(R l)
nflwl*1594/ARS(Al)

C
C CALCULATE COEFFICIENTS FOR LOG N VS D**2
C

AZ ( SUM?*SUM7-SUM1*SUM5 /(CN*SUM2-SUM1**2)
AZ. (N*SUMS-SUM1I*SUM7 )/ (N*SUM2-SUM1**2)
R2.(N*SUM5SU".11*5UM7)/LSQRT( (N*SUM2-SUM1**2)*(N*SUM8-SUM7**2)
DM~.O.7245/SQRTlABS(R2))
D02u0*9733/S0RT(A8SCP2))
GO TO 15n'

100 AlmOsO
A2*OoO
p1.o0

DMI=A(53.1

n0M2A(391)

D02mA(391)
C
C PRINT RESULTS
C

150 WRITF(6#7)
WPITF(6,Q)AI ,PI ,R1DM1 .DO1
WRITEC 6.11)
WRITE(6,9)A29R2 ,R2#DM2,002

q98 CONTINUF
999 STOP

END
//GO*SYSLOUT Onf SYSOUT=A
//GOOFT06P0O1 DD SYSOUTwA

//GOoFT07P001 DD SYSOUTEI3
//GO@SYSIN DD
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